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Abstract. Let / and g be smooth multimodal maps with no periodic attractors and 
no neutral points. If a topological conjugacy h between / and g is at a point in the 
nearby expanding set of /, then his a, smooth diffeomorphism in the basin of attraction of 
a renormalization interval of /. In particular, if /:/—>■ / and 5 : J — > J are C" unimodal 
maps and h is at a boundary of / then h is in /. 



1. Introduction 

There is a well-known theory in hyperbolic dynamics that studies properties of the 
dynamics and of the topological conjugacies that lead to additional regularity for the 
conjugacies. D. Mostow [21] proved that if H/Fx and H/Fy are two closed hyperbolic 
Riemann surfaces covered by finitely generated Fuchsian groups Fx and Fy of finite analytic 
type, and : EI — )■ EI induces the isomorphism 2(7) = o 7 o 0"^, then is a Mobius 
transformation if, and only if, is absolutely continuous. M. Shub and D. Sullivan [22] 
proved that for any two analytic orientation preserving circle expanding endomorphisms 
/ and g of the same degree, the conjugacy is analytic if, and only if, the conjugacy is 
absolutely continuous. Furthermore, they proved that if / and g have the same set of 
eigenvalues, then the conjugacy is analytic. R. de la Llave [11] and J.M. Marco and R. 
Moriyon [T9| [20] proved that if Anosov diffeomorphisms have the same set of eigenvalues, 
then the conjugacy is smooth. For maps with critical points, M. Lyubich [12] proved 
that unimodal maps with Fibonnaci combinatorics and the same eigenvalues are 
conjugate. W. de Melo and M. Martens [TB] proved that if topological conjugate unimodal 
maps, whose attractors are cycles of intervals, have the same set of eigenvalues, then the 
conjugacy is smooth. N. Dobbs [22] proved that if a multimodal map / has an absolutely 
continuous invariant measure, with a positive Lyapunov exponent, and / is absolutely 
continuous conjugate to another multimodal map, then the conjugacy is C"^' in the domain 
of some induced Markov map of /. 
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Here, we study the explosion of smoothness for topological conjugacies, i.e. the condi- 
tions under which the smoothness of the conjugacy in a single point extends to an open set. 
P. Tukia [28] extended the result above of D. Mostow proving that if H/Fx and H/Fy are 
two closed hyperbolic Riemann surfaces covered by finitely generated Fuchsian groups Fx 
and Fy of finite analytic type, and : EI — )■ H induces the isomorphism 2(7) = o 7 o 
then is a Mobius transformation if, and only if, is different iable at one radial limit 
point with non-zero derivative. Sullivan [26] proved that if a topological conjugacy be- 
tween analytic orientation preserving circle expanding endomorphisms of the same degree 
is differentiable at a point with non-zero derivative, then the conjugacy is analytic. Exten- 
sions of these results for Markov maps and hyperbolic basic sets on surfaces were developed 
by E. Faria [5], Y. Jiang [HI Ej and A. Pinto, D. Rand and F. Ferreira [U |23|, among oth- 
ers. For maps with critical points, Y. Jiang [SI El El CD] proved that quasi-hyperbolic 
one-dimensional maps are smooth conjugated in an open set with full Lebesgue measure if 
the conjugacy is differentiable at a point with uniform bound. In this paper, we define the 
nearby expanding set NE(/) of a multimodal map / and characterize NE(/) in terms of the 
basins of attraction of renormalization intervals. We prove that if a topological conjugacy 
between multimodal maps is at a point in the nearby expanding set NE(/) of /, then 
the conjugacy is a smooth diffeomorphism in the basin of attraction of a renormalization 
interval. 

2. Explosion of smoothness 

Let / be a compact interval and / : / — t- / a C^^ map. By C^~^ we mean that / is a 
differentiable map whose derivative is Holder. We say that c is a non-flat turning point of 
/, if there exist a > 1 and a C"^ diffeomorphism defined in a small neighborhood K of 
such that 

/(c + x) = f{c) + 0(|x|"), for every x^K. (2.1) 

We say that a is the order of the turning point c and denote it by ord/-(c). We say that 
/ is a multimodal map if the next three conditions hold: i) f{dl) C dl; ii) f has a finite 
number of turning points points that are all non-fiat; and Hi) # Fix(/") < 00 for all n G N. 
A unimodal map /:/—)■/ is a non-fiat multimodal map with a unique turning point c E I. 

The non-critical backward orbit 0~^{p) of p is the set of all points q such that there is 
n = n{q) > with the property that f^{q) = p and 7^ 0. The non-critical alpha 

limit set a„c(p) of p is the set of all accumulation points of 0~^{p). Let 0~g(PR(/)) be the 
union UpgpR(/)0~^(p) of the non-critical backward orbits 0~^{p) for every repellor periodic 
points of p G PR(/). Let a„c(PR(/)) be the union UpgpR(/) Q!„c(p) of the non-critical alpha 
limit sets a„c(p) for all repellor periodic points of p G PR(/). 

A set y4 C J is said to be forward invariant if f{A) C A. The basin B{A) of a forward 
invariant set A is the set of all points x E A such that its omega limit set uj{x) is contained 
in A. An invariant compact set A C J is called a (minimal) attractor, in Milnor's sense 
[TTJ [18], if the Lebesgue measure of its basin is positive and there is no forward invariant 
compact set A' strictly contained in A such that B{A') has non zero measure. The attractors 
of a non-fiat multimodal map are of one of the following three types: i) a periodic 
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attractor; ii) a minimal set with zero Lebesgue measure; or iii) a cycle of intervals such 
that the omega limit set of almost every point in the cycle is the whole cycle (see |27]). 
According to S. van Strien and E. Vargas [27], if / : J — J is a C' non-flat multimodal 
map, then there is a finite set of attractors Ai, . . . ,Ai C / such that the union of their 
basins has full Lebesgue measure in I. 

An open interval J(c) containing a critical point c is a renormalization interval of a 
multimodal (resp. unimodal) map /, if there is n = n(J(c)) > 1 such that is 
also a multimodal (resp. unimodal) map. Hence, the forward orbit of J(c) is a positive 
invariant set. A multimodal map / is no renormalizable inside a renormalization interval 
J{c), if there is no renormalization interval strictly contained in J. A multimodal map 
/ is infinitely renormalizable around a critical point c if there is an infinite sequence of 
renormalization intervals Ji(c), J2(c), . . . such that J„+i(c) is strictly contained in Jn{c) 
and c = n„>iJ„(c). The basin of attraction B{J{c)) of J{c) is the set of points whose 
forward orbit intersects J{c). 

Definition 1 (Expanding and nearby expanding points). A point p G / is called nearby 
expanding if there are 

(1) a sequence of points pn converging to p, 

(2) a sequence of open intervals K„ containing 

(3) a sequence of positive integers /c„ tending to infinity, and 

(4) 6 = 6{p) > 0, 

with the following properties: 

(1) f^"\v„ is a diffeomorphism and 

(2) f''-iVn) = Bs{f''^{pn)). 

Furthermore, a point p G / is called expanding if p G / is a nearby expanding point with 
Pn = P for every n G N. 

The nearby expanding set NE(/) is the set of all nearby expanding points of / and the 
expanding set E{f) is the set of all expanding points of /. 

Lemma 2.1 (Fatness of E{f) and NE(/)). Let f be a multimodal map with r > 3 and 
no periodic attractors nor neutral periodic points. Then: 

(1) Eif) D 0- (PR(/)) and NE(/) D a„,(PR(/)); 

(2) if f is infinitely renormalizable around a critical point c, then there is a renormal- 
ization interval J{c) such that E{f) and NE(/) are dense in B{J{c)); 

(3) if f is no renormalizable inside a renormalizable interval J, then E{f) is dense in 
B{J) and NE(/) contains B{J). 

If /:/—)■/ is a unimodal map, for every renormalization interval J, dB{J) is uniformly 
expanding, dl C dB{J) and B{J) is an open set with full Lebesgue measure. Hence, by 
Lemma [2?T| if / is a unimodal map whose attractor is a cycle of intervals then E{f) is dense 
in / and NE(/) = /. Furthermore, if / is a unimodal map that is infinitely renormalizable 
then E{f) and NE(/) are dense in /. 
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Proof. Let / be infinitely renormalizable around a critical point c. By Lemma [A .51 there 
is a renormalization interval J(c) such that (9~^(PR(/)) is a dense set in J(c). Since 
E{f) D 0-^(PR(/)), we obtain that E{f) and NE(/) are dense in J(c). 

Let / be no renormalizable inside a renormalizable interval J. By Lemma fA.St a„c(PR(/)) 
contains J. Hence, E{f) is dense in J and NE(/) contains J. □ 

Definition 2 (Puncture set P{J)). Let Cp{I) be the set of all critical points c whose non- 
critical alpha limit sets anc{c) do not intersect the interior of I. The puncture set P{I) of 
I is P{I) = UcGCp(/)C'~c(c)- Let J be a renormalization interval and n the smallest integer 
such that F = /"I J is a renormalization of /. Let Cp{J) be the set of all critical points c 
whose non-critical alpha limit sets «„c(c) with respect to F\J do not intersect the interior 
of J. The puncture set P{J) of J is P{J) = Uc,^Cp(j)C^nci(^)- 

Hence, the puncture set P is either empty or a discrete set. Furthermore, we observe 
that the puncture set is not located in the central part of the dynamics, i.e. (i) if / is 
infinitely renormalizable there is a renormalization interval J(c) such that P fl J(c) = 
and (ii) if the Milnor's attractor A of / is a cycle of intervals then P fl A = 0, because 
a„c(c) is dense in A for every critical point c in the interior of A. 

For every connected component G G D{J), let m = m{G) be the smallest integer such 
that C J(c). If m = the puncture set Gp C G of G is Gp = P{J), and if m > the 

puncture set Gp C G of G be the union of all points x E G such that (i) {fi^)\x) = or (ii) 
{f"^)'{x) e P{J)- We observe that Gp flG is either a discrete set or empty. The punctured 
basin of attraction Bp{J{c)) of J{c) is the union Ug£D{j)G\Gp. A renormalization domain 
J = UcgcR<^(c) of a multimodal map / is the union of renormalization intervals J{c) for a 
given subset CR C C^. Set Bp{J) = UcecR'Bp( J(c)). We observe that Bp{J) = B{J). 

Definition 3 (C^ at a point). We say that a map h : I ^ I' is G^ at a point p G /, if 

hm = h'ip) ^ 0. 

We observe that h is G^ at every point belonging to an interval C / if, and only if, / 
is a G^ local diffeomorphism in that interval K. 

We say that a topological conjugacy h : I ^ L between f : I ^ I and g : I' ^ I' 
preserves the order of the critical points, if ord/(c) = oidg{h[c)) for every critical point 

ceGf. 

Theorem 1 (Explosion of smoothness). Let f and g be G^ multimodal maps with r > 3 
and no periodic attractors nor neutral periodic points. Let h be a topological conjugacy 
between f and g preserving the order of the critical points . If h is G^ at a point p G NE(/) , 
then either 

(1) h is a G^ diffeomorphism in I \ P{I); or 

(2) there is a unique maximal renormalization domain J such that h is a G^ diffeomor- 
phism in J\ P{J). Furthermore, 

(a) h is a G^ diffeomorphism in the punctured basin of attraction Bp{J); 
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(b) h is not C^' at any open interval contained in I \ B{J); 

(c) h is not at any point in E{f) fl dB{J). 

We observe that Theorem [T] still holds if we replace the hypotheses of h being at a 
point p G E{f) by h being C^' in an open set. N. Dobbs [22] proved that if (i) a multimodal 
map / has an absolutely continuous invariant measure with a positive Lyapunov exponent 
and (ii) the conjugacy h between / and another multimodal map g is absolutely continuous, 
then h is in an open set. Hence, Theorem [1] applies to this case. 

The proof of Theorem [1] is given at the end of Section |6l 

Corollary 2 (Full measure explosion of smoothness for unimodal maps) . Let f and g be 

unimodal maps with r > 3 and no periodic attractors nor neutral periodic points. Let h 
be a topological conjugacy between f and g preserving the order of the critical points. If h 
is at a point p G NE(/), then either 

(1) h is a C' diffeomorphism in the full interval I; or 

(2) there is a unique maximal renormalization interval J I such that 

(a) h is a C' diffeomorphism in the basin B{J), and 

(b) h is not at any point in dB{J). 

We observe that if /:/—)■/ is a unimodal map, then (i) dB{J) is uniformly expanding, 
(ii) dl C dB{J), and (iii) B{J) is an open set with full Lebesgue measure in /. By Corollary 
m the map h is at a point p E dl if, and only if, /i is a C" diffeomorphism in /. 



3. Zooming pairs 



We will prove that, in Theorem 12] and in its two corollaries, the hypothesis h is at 
a point p can be weakened to h being (uaa) uniformly asymptotically affine at p. We will 
define the zooming pairs that we will use to show if h is uaa at a point then h and are 
C" in small open sets. 

Let /i :/—)■/' be a homeomorphism. For every (x,y,z) of points x,y,z G /, such that 
X < y < z, we define the logarithmic ratio distortion lrd/i(x, y, z) by 



lTdh{x,y,z) 



log 



\h{z) -h{y)\ \y-x\ 



\h{y) - h{x)\ \z-y\ 



Definition 4 (uaa). Let /i : / — )■ /' be a homeomorphism. The map h is uniformly 
asymptotically affine (uaa) at a point p if, for every C > 1, there is a continuous function 
ec : M+ ^ M+, with ec(0) = 0, such that 

\Tdh{x,y,z) < eci\x - p\) , (3.1) 

for all X < y < z with < \z — y\/\y — x\ < C. 

Lemma 3.1 {C^ implies uaa). Let h : I ^ I' be a homeomorphism. If h is at a point 
p E I, then h is uaa at p. 
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Proof. If h is at p, then there is a sequence 6^ converging to 0, when m tends to oo 
such that 

iog^^M^4^/^'(p) 

\y — x\ \m 
for all X, ?/ G Bg^{p). Hence, for all x,y,z ^ Bg^{p), we obtain 



<o(-] , (3.2) 



1 \Hz) - h{y)\ \y - x\ 
log 



\h{y) -h{x)\ \z-y\ 



< O ( 1 ) , (3.3) 



m 



and so, h is uaa at p. □ 

Definition 5 (a-bounded distortion). We say that a C" multimodal map / has a-bounded 
distortion with respect to a sequence Vi,V2, . . . of intervals and a sequence of integers A;„ 
tending to oo, if there is C > 1 such that 

\Tdf,4x,y,z)<C\f"iz)-f-ix)r , (3.4) 
for all x,y,z & Vn, with x < y < z, and all n > 1. 

Definition 6 (Zooming pair {p, V)). Let f : I ^ I and (? : J' — )■ J' be C"" maps, with r > 2, 
and h : I I' a. topological conjugacy between / and g. An a-zooming pair (p, V^) consists 
of a point p E I and an open interval V (Z I such that 

(1) there is a sequence Vi, V2, . . . of intervals in / and 

(2) a sequence of integers /c„ tending to 00, 

with the following properties: 

(1) sup^jgy^ |x — p| — > when n — > 00; 

(2) f^"\v„ and g'^"\h{Vn) are diffeomorphisms onto the intervals V and ^(V^) respectively; 

(3) / has a-bounded distortion with respect to the sequences Vi, V2, . . . and fci, /c2, • • •; 

(4) g has a-bounded distortion with respect to the sequences hiVi), /i(V2),... and 
A;i,A;2,.... 

A central zooming pair {p, V) is a zooming pair (p, "K) with the property that p E Vn for 
some n G N. 

Lemma 3.2 (Explosion of smoothness from p to V). Let f and g be maps, with r > 3, 
topologically conjugated by a homeomorphism h. Assume that {p, V) is an a-zooming pair 
for some < a < 1. If h is uaa at p, then h\V is a 0^^°" diffeomorphism onto its image. 
Furthermore, if {p, V) is a central zooming pair then h\Vo is a C^"*"" diffeomorphism onto 
its image, for some open interval Vq containing p. 

Proof. Given a,b,c G V, with a < b < a, let an,bn,Cn G be such that f^"{an) = a, 
f^'^ipn) = b and f''"{cn) = c. Since / has a-uniformly bounded distortion, 

lrd/fc„ (a„, bn, c„) < 0(|c - a|"). (3.5) 

Since g has has uniformly bounded distortion, we get 

lrdg..4/i(a„),/i(6„),/i(c„)) < Oi\h{c) - h{a)n . (3.6) 



EXPLOSION OF SMOOTHNESS FOR CONJUGACIES 



7 



By the definition of zooming, tfiere is a sequence cr„ — ?■ sucli that, for all x G Ki, 

\x - p\ < an . (3.7) 
Since / is (uaa) at p, by fl3.ip . we have 

n / • 

Hence, by ( 13. 7p . there is n large enough such that 

lrdft(a„,6„,c„) < |c-a| . (3.8) 

Combining (13.51) . (13. 6p and (13. Sp . we have 

lrd/i(a, 6, c) < Ird^fcn (/i(a„,), /i(6„), /i(c„)) + lrd/i(a„, c„) + Irdj* 

< 0(|c-a|" + |/i(c) -/i(a)|") . (3.9) 

Therefore, the homeomorphism h is quasi-symmetric in l^. Hence, there is 7 > 0, such 
that h\V is 7-Holder continuous. Thus, we obtain that (13. 9p is bounded by Ci\c — for 
some Ci > 1. Hence, by [23], we get that h\V and h~^\h{V) are maps. Therefore, 

\h{c) — /;,(a)| < 0(|c — a|) and, so, (13. 9 p is also bounded by C2IC — a|", for some C2 > 1. 
Hence, again by [23], we get that h\V and /i~^|/i(V^) are C^"^" maps. 

Furthermore, if (p, V) is a central zooming pair then there is an open interval Vq con- 
taining p and an integer n such that /"I Vq is a diffeomorphism and /"(Vq) C V. Hence 
h\Vo = {g'^\h{Vo))~^ o /i o /" is a C' diffeomorphism. □ 

Lemma 3.3 (Building up smoothness from C^~^" to C"). Let f and g be C"" maps, with 
r > 3, topologically conjugated by a homeomorphism h. If h\V is a C^~^°' diffeomorphism 
in some open set V, then h\W is a diffeomorphism for some open set W G V . 

Proof. By Lemma IA.51 there is a reppelor p ^ I and integers m and / such that p G 
int(/™(y)) and /'(p) = p. Since p is a reppelor there is an open interval W C int(/"(y)) 
with p e W such that |/'-^(x)| > A > 1, for all x e W. Let Wq, Wi, ... be a sequence of 
open intervals contained in W such that (i) f\Wn+i) = Wn, (ii) Wn+i C Wn, and (iii) 
\Wn\ — for every n > 0. Let i„ : Wn — >■ (0, 1) be the affine map with the property that 
in{Wn) = (0, 1) and let fn = io° ° By Lemma E13 in [23], there is 6 > such that 
II Inci/nllcr-i < b, for every n > 1. Hence, by Lemma E15 in [23], there is a small e > and 
a subsequence fk„ converging to a C" diffeomorphism / : (0, 1) — j- (0, 1) in the C"'"'' norm. 

Let = h(Wn) and j„ : — )■ (0, 1) be the affine map with the property that 
jniW^) = (0, 1), for every n > 1. Let gn = jo o g"''' o jn^- By Lemma E13 in [23], there is 
b > such that || In (i5f„||cr-i < b, for all n > 1. Hence, by Lemma E15 in [23], there is 
a small e > and a subsequence m„ of the sequence /c„ such that converges to a C" 
diffeomorphism in the C^"*^ norm. 

Let /in = jn oho Since /i is a C'^'^^ diffeomorphism, there is a sequence A„ tending 
to 1 such that 



\hn{z) - hn{y)\ 1 


y-x\ 


\hn{y) - hn{x)\ 





for all x,y,z & (0, 1). Hence, h = lim /i„ is an affine map. 
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We note that h\Wo = Jq^ o g-n ° hn o fn^ ° io, for every n > 1. Hence, 

h\Wo = lim jo"^ o g^^ o hr,^^ o /-^ o io = o g_o ho o io. 
Since, h and / are diffeomorphisms, we obtain that h\WQ is a diffeomorphism. □ 



We will prove that for every nearby expanding point p G NE(/) there is an open set V 
such that (p, V) is a 1-zooming pair. 

Given any C M and r > 0, set Br{K) = IJpG-ft: ^r{p), where Br{p) = {p — r,p + r). 
Recall that the Schwarzian derivative of f in the complement of the critical points is 



Lemma 4.1 (Nearby expanding point originates a zooming pair). Let f and g be 

multimodal maps topologically conjugated by h, with no periodic attractors and no neutral 
periodic points. For every x G NE(/) there is an interval V such that {x, V) is a 1-zooming 
pair. Furthermore, for every x G E{f) there is an interval V such that {x, V) is a central 
1-zooming pair. 

Proof. By |27], there is 7 > such that, for every point x G /, with 



we have Sf'+^x) < and Sg^'+^hix)) < 0. 

By Lemma lA. 41 one find 70 < 7i < 72 < 73 < 74 < 7 and nice sets Jq, Ji, J2 such that 

B^,{Cf) C Jo C B^,{Cf) C B^,{Cf) cJiC B^,,{Cf) C B^,{Cf) C J2 C B^{Cf). 

Let Ji = [JceCf Mc), c G Ji{c) = (ai(c), bi{c)) for every c G C/ and i = 0,l, 2. 

Given x G NE(/), for some small 6 > 0, take a sequence of points Xj — )■ x and intervals 
Wj 3 Xj such that /'"j is a diffeomorphism and f'^^{Wj) = B25{f"^^ (xj)) for mj — > 00. 

Let Wj C Wj be the interval such that f"^^(Wj) = Bs{xj) and let i?° be the connected 
components of Wj \ Wj. 

For every j > 1, define Uj as follows: If f ^Xj) ^ Ji, for every < z < m^, take Uj = — 1; 
otherwise, take Uj < rrtj as the biggest integer such that f^{xj) G Ji. 

Our goal is to obtain a sequence ji — t- +00 and intervals Vj^ C Wj^ containing Xj,^ with 
the following properties: infj |/™^'(VjJ| > and the ratio distortion of f^^^\vy uniformly 
bounded. If Uj = —1 take Vj = Wj. In this case, |/'"^(Vj)| = 26 and the bounded of the 
ratio distortion follows from Theorem \A.1\ because Ji D B.y^{Cf). Thus, we assume from 
now on that Uj 7^ —1. 

If liminfjmj — Uj < 00, let Vj be the maximal interval such that Xj G C Wj and 
/"'j(V^) c J2. Taking a subsequence, we assume that there is > such that mj—Uj < K 
for every j. 



4. Nearby expanding set 



defined by 




r(x) G U B,{c) and g^\h{x)) G |J h{B,{c)), 
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Since D/"^ ^ in Wj and /"'(PVi) n Ji 7^ and by maximality of Vj, if Wj Vj then 
n (V,) D (c, - 74, 9 - 73) or n (Vj) D (c, + 73, 9 + 74) 

for some Cj G Cj. In particular, > 74 — 73- Thus, there is e > such that, for 

every j, \ f"'^{Vj)\ > e > 0, \f"'^{Vj)\ = \ f"''{Wj)\ = 26 or /""^iVj) is a finite iteration of 
an interval with length greater than 74 — 73. Furthermore, since 

\n{Lj)\/\n{W,)\ = \n{RMnm\ = 1/2 foreveryj, (4.1) 

we get that 
and 

are bounded away from zero. Since Sf^^~^^{z) < 0, for every 

the ratio distortion of f"^^^^\vj is uniformly bounded {Vj C Wj). Thus, the ratio distortion 
of /'"•'Ivj is also uniformly bounded and \ f"^^{Vj)\ > e > for every j. 

Let us consider the case liminfj-m^ — Uj = oo. Taking a subsequence, if necessary, we 
assume that lim^ rrij — rij = oo. 

Claim 1. C J2 for every j G N. 

Proof of the claim. Let be the maximal interval such that 

xj G C and T^X^/) C J2. 

We will show that = Vj>. 

By the maximality of V^^, if W° ^ 1/° then there is p2,j G dJ2 n On the 

other hand, since /"^ (xj) G Ji, there is j G dJi such that 

r^(l^°) D (pi,„P2,,) or r^(V;°) D (P2,„pij. 

If pij < P2J take Tj = {pij,p2,j)', otherwise, take Tj = {p2,j,Pi,j)- Since Ji and J2 are nice 
sets with Ji C J2, it follows that f^{dTj) n Ji = for every > 0. Hence, if £j > is 
the smaller integer such that f^^{Tj) fl Ji 7^ 0, then f^^(Tj) fl Ji(cj) 7^ for some cj G C/. 
Furthermore, f^^(Tj) D Ji(cj). However, since Df"^^ 7^ on Wj, we get ij > rrij — rij. 
Thus, it follows from Theorem lA.ll that 

45 = \f'^^{W^)\ > |/'"^(V;°)| > |/"'^""^(T,-)| > CA"'^~"^|T,-| > 

> CA"'^~"-'(74 — 73) — 00 (for a subsequence). 
Hence, we get a contradiction. □ 
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By Theorem lA.lj if fK^j) ^ Jo = 0, for every rij < i < mj, then /""^ ("■3+'^) has 
uniformly bounded distortion on f"'^~^^{Wj') not dependent upon j. In particular, 

\r^^\LMr'^\m and \r^^\RMr^'m\ 

are bounded away from zero. Since f"'^(Wj) C B^iCf) and Sf"'^^^{z) < 0, for every 
z G the ratio distortion of f^^^'^\wj is uniformly bounded. Thus, taking Vj = Wj, the 
ratio distortion of /™^ |v, is uniformly bounded and |/™'-'(V^)| = 26 for every j. 

From now on, we will assume not only that nij —rij oo, but also that P{Wj) fl Jq 7^ 
for some rij < i < rrij. 

Let kj be the smaller integer i > rij such that f^iWj') fl Jo 7^ 0, i-e. 

kj = mm{i > rij ; f{W^) n Jq ^ 0}. 
Claim 2. There is K > such that rrij — kj < K , for every j G N. 

Proof of the claim. Since f^{xj) ^ Ji, for all rij < j < rrij, there is a connected component 
Tj of Ji \ Jq such that Tj C f^^iWj'). Since Jo and Ji are nice sets with Jq C Ji, it follows 
that 

f\dTj) n Jo = 

for all i > 0. So, if £j > is the smaller integer such that 

/^^(T,)n Jo7^0, 

i.e. f^'{Tj) n Jo(cj) ^ for some Cj G Cf. Thus, f^'{Tj) D Jo{cj). Since /™^|vfo in a 
diffeomorphism, we get ij > rrij — kj. Thus, from Theorem I A. 11 it follows that 

4S = > |/"^""^(T,-)I > CX"'^-''^\Tj\ > CA™^-"^(72 -7i), 

for every j G N. Since A > 1, we necessarily have ruj — kj bounded. □ 

Using Theorem IA.lt ^e conclude that f^3-i'^'3+^) has uniformly bounded distortion on 
(not dependent upon j). Since < — kj < K and /'"•'|:^ is a diffeomor- 
phism, we obtain that J^j-K+i) has uniformly bounded distortion on f^^^^iWj) (also not 
dependent upon j). Thus, 

\r^\LMn^'m\ and \f-^^\RMn'''m\ 

are bounded away from zero. Since Sf''^^^^{z) < the ratio distortion of f'^^^^\wj is 
uniformly bounded for all z G Wj . Again, taking Vj = Wj, the ratio distortion of f"^^\vj 
is uniformly bounded and |/"*^ (^)| = 25 for all j. 

Thus, replacing j by a subsequence, we get intervals Vj C Wj containing Xj with the 
following properties: infj \f"^^{Vj)\ > 0, the ratio distortion of f"^^\v- is uniformly bounded 
and the ratio distortion of g"^^\h(Vj) is also uniformly bounded. 

By compactness, taking a subsequence, there is an open interval V and a sequence of 
intervals Xj G V^' C Vj, j > 1, such that f^^iVj) = V, for all j. Thus, (x, V^) is a 1-zooming 
pair. Similarly, if x G E{f) there is an interval V such that (x, V) is a central 1-zooming 
pair. □ 
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Lemma 4.2 (Explosion of smoothness at expanding points). Let f and g be multimodal 
maps topologically conjugated by h, with no periodic attractors and no neutral periodic 
points. Let the conjugacy h be at a point x. If x & NE(/), then there is an open 
interval V such that h\V is . 

Proof. By Lemma [4. ![ if x G NE(/) there is an interval V such that (x, V) is a 1-zooming 
pair. Since h is at x, then by Lemma 13.11 we have that h is uaa at x. Thus, it follows 
from Lemma [3.21 that h\V & C^"*"" diffeomorphism. Hence, by Lemma [3.31 is a C" 
diffeomorphism for some W G V. □ 

5. Smooth conjugacy and renormalization intervals 

In this section we assume that / and g are multimodal maps, with r > 3 and 
no periodic attractors nor neutral periodic points. Furthermore, we assume that /i is a 
topological conjugacy between / and g preserving the order of the critical points. We 
define 

s = min ordffc). 

{ceCf} 

Definition 7 (Smooth conjugacy domain). For s <t <r, the t-smooth conjugacy interval 
V is an open set V such that h\V is a. diffeomorphism. The set Cj O Cf consists of all 
critical points c such that there is a t-smooth conjugacy open interval V containing c & V. 
For every c ^ Cj, the s-smooth conjugacy maximal interval J^{c) of c is the maximal open 
interval J''^{c) containing c such that h is C'^ in J''^{c). The s-smooth conjugacy domain 
is 

J^ = Ue6qJ^(c). 

We say that a critical point c G C/ is s-recurrent, if there is n = n(c, s) > 1 such that 
J*(c) n f^'J^{c) 7^ 0. Let CR'^ C C/ be the set of all s-recurrent critical points. Let 
= U,ecR= J^(c). 

Lemma 5.1 (Spreading smooth conjugacy intervals). Let h be a topological conjugacy 
between f and g and let s < t < r . Then 

(1) if V is a t-smooth conjugacy interval then mt{f{V)) is a t-smooth conjugacy inter- 
val; 

(2) if V is a t-smooth conjugacy interval then the connected components of f~^{V) \ 
{f~^iV) nC/) are t-smooth conjugacy intervals; and 

(3) ifV is an s-smooth conjugacy interval then f~^{V) is an s-smooth conjugacy inter- 
val. 

Furthermore, 

(1) if c E Cf and, for some small open interval V containing c and some n, f^iV) C 
then c E Cj; and 

(2) if c E Cf and, for some small open interval V G and some n, c G int(/"(V)) 
then c G Cf. 
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Proof. Since / is a multimodal map, the interior of f{V) is an open interval and for every 
X G f{V) there is an open interval W such that x G f{W) and f\W is a. diffeomorphism. 
Hence, h\f{W) = g o ho {f\W)~^ is a diffeomorphism. 

For every x G f~^{V) \ {f~^{V) nCj), there is an open interval W such that x eW and 
f\W is a C^' diffeomorphism. Hence, h\W = {g\h{w))~'^ o /i o / is a C' diffeomorphism. 

Let c G f'^iV) n Cf and c' = /i(c). Let b = f{c) and b' = g{h{c)). Recall that 
/(c + x) = /(c) + </)(|x|") and g{c' + x) = g{c') + ^/^dxl"). Hence, there is a small open 
interval W containing c, such that for every c + x eW 

if X > and 

{9\Hw)r\y - 9{c')) = c'- {r\y - ^7(c'))'/^ 

if X < 0. Hence, if x > 

h\W = {gWw))-' ohof = c'+ [^-\-gic') + /i(/(c) + 0(1x1")))]^/" 
and if X < 

h\W= {glkiw))-' ohof = c'- [^^J-\-g{c') + h{f{c) + </.(|xr)))]i/". 

The map ip^^^—g^c') + h{f{c) +y)) is a C" diffeomorphism. Hence, by Taylor's theorem, 
there is a constant c and C" diffeomorphism ^ such that ip~^{—g{c') + h{f{c) + ?/)) = 
?/(c + y9{y)). Therefore, 

= a;(c+ |x|°^(|x|"))^/". 
Hence, /i is a C'^ diffeomorphism. □ 

Denoting by p and q the points that form the boundary of an interval V, the set V is 
dynamically symmetric if either f{p) = f{q) or /(p) and /(g) form the boundary of fiV). 

Lemma 5.2 (Nice J^). If h is a diffeomorphism in an open set V then the s-conjugacy 
maximal domain is a non-empty and there is n > such that int(/"(V^)) C J'^. Fur- 
thermore, 

(1) if c E Cj the set J*(c) is dynamically symmetric; 

(2) for all Ci,C2 G C| the sets J^(ci) and J'^(c2) are either disjoint or equal; and 

(3) t/ie s-conjugacy maximal domain is a nice set. 

Proof. Let us assume that /i is a C" diffeomorphism in an open set V. It follows from 
Lemma lA.21 that there is an n G N and c E Cf such that /"|y is a diffeomorphism C" 
and c G mt{f"{V)). Hence, by Lemma [5. II (i). /i is a diffeomorphism in f^{V). Hence, 
J'^{c) D f"'{V) is a non-empty closed interval and c G Cj. 

Let us denote J"* by J. Let us denote by p and g the boundary points of J{c). Let 
us prove that the interval J(c) is dynamically symmetric, i.e. either f{p) = f{q), or f{p) 
and /(g) form the boundary of f{J{c)). Let us suppose, by contradiction, that there is 
z G int J(c) that is not a critical point such that f{z) = f{q) (or, similarly, f{z) = f{q)). 
Let Vz and Vq be small neighborhoods of z and g, respectively, such that /|y, is a C" 
diffeomorphism and fiVq) C /(Vj). Hence, by Lemma [5.11 (i). /i is a diffeomorphism in 
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f{Vq) C f{Vz) and, again by Lemma \5.1\ h is a diffeomorphism in Vg. Hence, h has a 
C"^ diffeomorphic extension to a neighborhood of q which is absurd. 

By construction, if J(ci) fl J(c2) 7^ 0, for some Ci,C2 G C/, then J(ci) = J(c2) 
Let us prove that the set J is nice. Let us suppose, by contradiction, that there is a 
point p G dJ{c) and n > such that /"(p) G J and f"^{p) ^ J, for all < m < n. Hence, 
there is a small neighborhood V of p such that /"(V^) C J. By Lemma [5.11 (i) and (iii), h 
is a C'^ diffeomorphism in ^ which is absurd. The proof of case (ii) is similar. □ 

Given a nice set J, let /(J) be the set of all points x G / whose forward orbit intersects 
J. Let -D(J) be the set of all connected components G of /(J), i.e. 

I{J)= U G. 

G€D{J) 

The open intervals G G -D(J) are called the gaps of /(J). We note that the boundary 
dI{J) of /(J) is totally disconnected. 

Lemma 5.3 (The basin of attraction of J^). Let ^ ^ J'^ C int(/) For every G G D{J^) 
with G n J* = 0, there is n = n{G) > 1 such that 

(1) f^\G is a diffeomorphism; 

(2) there is c e Gf such that /"(G) = J"(c); 

(3) p{G) nJ' = 0, for every 0<j<n. 

Proof. For every x G I{J) \ J, let n{x) > 1 be such that /"(x) G J and /-'(x) ^ J for 
every < j < n. Let E = {x, . . . , /""^(x)}. By Lemma 15. 2^ E (1 Gj = and so there 
is a small open set V such that is a diffeomorphism and /"(V^) C J. Let us 

prove by contradiction that there is a small open interval W G V containing x such that 
n{y) = n{x) for every y G W. If there is not a small open interval W G V containing x such 
that n{y) = n{x), for every y G H^, then there is a sequence of points Xn & V converging 
to X with n{xn) = j < n{x). Hence, f^{x) G dJ. Since J is nice /'^"-'(/-'(a:)) fl J = which 
is a contradiction. Let V = (x, a) be the maximal open interval containing x such that 
n{y) = n{x) for every y & V. Let us prove, by contradiction, that /"(a) G dJ. By the 
above argument. If f^{a) G J then there is an open interval Wa such that n{y) = n{a) for 
every y G Wa which is absurd by maximality of V. Hence, for every x G I{J) \ J, there 
is a maximal open interval G such that n{y) = n{x), for every y & G, and f^{G) G dJ. 
Hence, is a diffeomorphism and f^{G) = J{c) for some c. □ 

Lemma 5.4 (J|, is a renormalization domain). Lei ^ ^ J"^ G int(/). For every c G Gj, 
there is n{c) and c'(c) G wi/i i/ie following properties: 

(1) rW(J^(c)) C (J^(c'(c))); 

(2) ar(^)(J^(c)) C 9J^(c'(c)); 

(3) f\.P{c)) n J" = 0, /or ewry l<i< n{c); 

(4) J|, a renormalization domain; 

(5) s( j^) c and Wk) = W); 
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Proof. By Lemma [5. 3[ for every gap G G D{J) there are n = n{G) > 1 and c{G) & Gf Cl J 
such that /"(G) = J(c(G)), /"jG is a G'' diffeomorphism and /"(G) n J = for every 
< i < n. 

For every c G G/, either (A) int /( J(c)) n 9/( J) = 0; or (B) int /(J) n 9/( J) 7^ 
Case (A). Since int /( J(c)) fl dI{J) = 0, there is an open interval K, that is either a) an 
interval J{c') or b) a gap G, such that f{J{c)) C -ft'. In case a), this lemma follows from 
noting that J is nice, and so df{J{c)) C dJ{c'). In case b), there is n = n(G) > 1 such 
that f^~^^J{c) C J{c{G)) and f^~^^J{c) fl J = for every < z < ra. Furthermore, since J 
is nice, f'^~^^{dJ{c)) C dJ{c{G)) that proves this lemma in case b). 

Case (B). Let us suppose that there is a point x G dI{J) fl int f{J{c)). Let be a small 
neighborhood contained in J(c) such that /|y is a G^ diffeomorphism and x is contained 
in the interior of f{V). Since dI{J) is a totally disconnected set, there are gaps Gy and 
G'y with a boundary point y G /(V^)- Let 2; G ^ be such that f{z) = y and take a smaller 
neighborhood Vq G V oi z such that /(Vq \ {z}) C GyU G'y. By Lemma Ell if there is 

ruer^^y^^\Vo\{z})ndJ{c{Gy)), 

then there is an open interval W C f"'^'^y^~^^{Vo \ {z}) containing w such that h\W is 
a G* diffeomorphism. Since w G dJ{c{Gy)), we obtain a contradiction. Hence, for some 
< i < n{Gy), there is a critical point Cj^ G G/ such that Cy = /'(y). Therefore, J{c{Gy)) = 
J{c{G'y)) and n{Gy) = n{G'y). Since the set of critical points is finite, dI{J) fl int /(J(co)) 
is also finite and for every w G dI{J) fl int/(J(co)), there are gaps G^^ and G^ with 
G 9G„, n 9G^ such that 

J(c(G^)) = J(c(Gj) = J{c{Gy)) and n(G^) = n(Gj = n(G,). 

Furthermore, since J is nice, P^^y^dJic)) C 9J(c(Gy)), that proves this lemma in case 
(B). 

Hence, Lemma [5l4l (i) and (ii) hold. Therefore, is a renormalization domain. Lemma 
15.41 (i) and (ii) also imply for every gap G C I{J'^) there is a gap G' C B{Jf{) such that 
G \ G' is either (i) empty or (ii) it is a finite set of points Sq = G \ G' with the following 
properties: for every x ^ Sq there is i = i{x) and j = j{x) such that (i) < i < j, (ii) 
/*(x) G Gp (iii) /*(x) ^ J^, and (iv) /■' (x) G dJ^. Hence, Lemma EH (iv) holds. □ 

Theorem 3 (Explosion of smoothness). Let f and g be G^ multimodal maps with r > 3 
and no periodic attractors and no neutral periodic points. Let h be a topological conjugacy 
between f and g preserving the order of the critical points . If h is G^ at a point p G NE(/), 
then either 

(1) h is a G^ diffeomorphism in the full interval I or in its interior int(/); or 

(2) there is a unique maximal renormalization domain J I such that h is a G^ 
diffeomorphism in J. Furthermore, 

(a) h is a G'^ diffeomorphism in the basin of attraction B{J); 

(b) h is not G^ at any open interval contained in I \ B{J); 

(c) h is not G^ at any point in E{f) fl dB{J). 
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Proof. By Lemma |4.2[ there is an open interval W such that h\W is C'^ and so the s- 
smooth conjugacy maximal domain J'^ 7^ 0. If /i is not a diffeomorphism in / or int(/), 
then, by Lemma (5 .41 there is a renormalization domain Jf, such that (i) h\B{J^) is a 
diffeomorphism and (ii) there is no open interval V G I \ B{Jf^) = I \ liJ'^) such that h\ 
is a diffeomorphism. Let us prove, by contradiction, that h is not at any point in 
E{f) n dB{J). By Lemma Hl2| if h is at some point x G E{f) fl dB{J) then there is an 
open interval W containing x such that h\W is which is a contradiction. □ 

Theorem |4] below gives a criterium for non-smoothness of the conjugacy when the con- 
jugacy does not preserve the order of the critical points. The non-critical forward orbit 
^tcip) of P is the set of all points q such that there is n = n{q) > with the property that 
f"{p) = Q ci-nd {f^)'{p) 7^ 0. The non-critical omega limit set Undp) of p is the set of all 
accumulation points of O^^^p). 

Theorem 4 (Implosion of non smoothness). Let f and g be C" multimodal maps with r > 3 
and no periodic attractors and no neutral periodic points. Let h be a topological conjugacy, 
between f and g, not preserving the order of the critical points c/ and Cg = h{cf). The 
conjugacy h is not simultaneously at (i) a point belonging to E{f) na„c(c/) and a point 
belonging to E{f) fl ujnc{cf). 

If / is a Collet- Eckmann map with negative Schwarzian derivative, then E{f)r\ujnc{cf) 7^ 
and anc{cf) contains the Milnor's attractor cycle. 

Proof. Let us prove, by contradiction, that h is not at any point belonging to E{f) fl 
a{cf). If h is at a point x G E{f) fl a„c(c/) then, by Lemma 14. 2^ there is an open 
interval Vi containing x such that h\Vi is C^. Since x G a„c(c/), there is an integer n such 
that c G mt(/"(l^i)). Hence, by Lemma [5.11 h is a. diffeomorphism in an open set Vc 
containing c. 

If h is at a point x G E{f) (lUndcf) then, by Lemma IT2l there is an open interval Wi 
containing x such that h\Wi is C^. Since x G 0Jnc{cf), there is an open set W/(c) containing 
/(c) and an integer n such that /"(W/(c)) C Wi and f"'\Wf(^c) is a diffeomorphism. 
Hence, by Lemma [5. ![ h\Wf(^c) is a diffeomorphism. 

Since h does not preserve the order of the critical points Cf and Cg = h{cf), h can not 
be at Cf and /(c/) simultaneously which is an absurd. □ 

6. C SMOOTHNESS OF THE CONJUGACY 

In this section, we prove Theorem [TJ 

Lemma 6.1 {K{c') C J|, is a renormalization interval). Let h be a diffeomorphism in 
an open set Vi. There is a maximal renormalization interval K[c') C and a puncture 
set P{c') C A'(c') such that 

(1) h is a diffeomorphism in K{c') \ P{c'), and 

(2) int{Vi n B{K{d))) ^ 0. 

Furthermore, dK{c') C E{f) and h is not at the boundary dK{c') points. 



16 



JOSE F. ALVES, VILTON PINHEIRO, AND ALBERTO A. PINTO 



Proof. Using Lemma [A. 2[ there is a sequence of open sets Vi, V2, V3, . . . such that (i) Vi^i fl 
Cf ^ 0; (ii) D Vi+i, and (iii) \Vi\ 0. Since Cf is finite, (i) there is c' e Cf n J 

and (ii) a subsequence Ki, K2, K3, • • • such that /"'(KJ 3 where = nj, 

and (iii) c' G Ki^ for every z > 1. By Lemma [5.1^ /i| int(/™'(V^J) is a diffeomorphism 
and so is also a C"^' diffeomorphism. By Lemma [5 ■4[ there is a non-empty maximal 

renormalization interval J = J''^{c') C containing Kx. for all 2. Let / be the smallest 
integer such that F = | J is a renormalization of / restricted to J. 

Let C (possibly empty) be the set of all critical point c E Cp of F\J such that there is 
no open interval Vc G J with the property that c G Vc and h\Vc is a C" diffeomorphism. 
For every c G C, let anc(c) be the non-critical alpha limit set of c with respect to F\J. Set 
anc(C) = Ucec«nc(c). 

Let us prove that the open connected component H of J \ a„c(C) containing c' is a 
renormalization interval for F. Let us start proving, by contradiction, that H is non- 
empty. If -ff = 0, there are (i) ci G C, (ii) an open interval U G Vn^ and (iii) an integer / 
such that Ci G int-F'(f/). By Lemma [5.H Ci G C]^ which is absurd. Take iq large enough 
such that, for every i > iq, d E C H and c' G C i/. Since /'"'(K.J ^ Ki^+i, there 

is k such that (i) F''(KJ = /™'(KJ and (ii) F'»(KJ n ^ 0. Since a„c(C) is forward 
invariant, dF^^{H) C a„c(C')- Let us prove, by contradiction, that (i) dF^^{H) C 5if 
and (ii) F^'{H) C ^. If F^^{H) <f_ H then there is x e dH such that x G int(F''(if)). 
Hence, by Lemma 15. ![ h is in an open set containing x which is a contradiction. 
Hence, F'-'{H) C H and, by forward invariance of anc{C), dF'-*{H) C OH. Thus, is 
a renormalization interval for F. Take k the smallest integer such that Fi = F^\H is a. 
renormalization of F restricted to H . 

For every open interval Hi C if, let Chi be the set of all critical point c E Hi oi Fi\H 
such that there is no open interval Vc <Z H with the property that c G Vc and h\Vc is a C" 
diffeomorphism. For every c G Cji^j, let 0~^{c) be the non-critical backward orbit of c with 
respect to -Fi|ii. Set 0~^{Ch^) = UceCir^C~c('^)- Since the accumulation set of 0~J^Ch) 
is contained in a„c(C), the set C~^(CjyJ is a discrete set of if, for every open interval 
Hi C ii. 

Now, let Hi G H he the maximal open set such that h\Hi\ 0~^{Chi) is C"'. Either (i) 
Hi = H , OT (ii) Hi ^ H is non-empty. 

Case (i). The interval -R'(c') = H is the maximal interval of renormalization containing 
c' and -P(c') = 0~^{Ch) is the punctured set of K{c') with the property that h\K{c')\P{c') 
is C. Furthermore, mt{Vi n B{K{c'))) 7^ 0. 

Case (ii). There is i large enough such that \4. C Hi and F/(V^.) fl iii 7^ 0. 

Let us prove by contradiction that dHi fl 0~^{Ch) = 0- If x G (9iii fl 0~^{Ch) take the 
smallest m such that F^{x) G C/f. Let a and 6 be close enough to x such that (i) either 
(a,x) or (x,6) is contained in iii, (n) i^r+^(a) = Fi'"+i(6), (iii) Ff |(a,6) , F™+^|(a,x) and 
F^^^\{x^h) are diffeomorphisms. Hence, (a, 6) C iii that is a contradiction. 

Let us prove by contradiction that if a; G 9iii then x is not contained in the pre- 
orbit of a critical point. Take the smallest m such that F^{x) = c is a critical point. 
Since c ^ 0~^{Ch)i there is a small open set W containing c such that h\W is a C' 
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diffeomorphism. Furthermore, there is a small enough open set V such that (i) V contains 
X, (ii) F^\V is a diffeomorphism and (iii) F^{V) C W. Thus, by Lemma [5.1^ h\V is also 
a diffeomorphism that is a contradiction. 

Let us prove by contradiction that Fi{dHi) fl i/i = 0. If x G dHi and Fi{x) G Hi 
then there are small enough open sets V and W such that (i) V contains x, (ii) Fi\V is 
a diffeomorphism because x is not a critical point of Fi, (iii) FiiV) = W, (iv) W C Hi 
and so (v) is a diffeomorphism. Hence /i|V^ is also a diffeomorphism that is a 
contradiction. 

There is i large enough such that C Hi and c' G Ff(l^.), for some /c, and so 
Fi[Hi) n Hi 7^ 0. Hence, to prove that Hi is a renormalization maximal interval it is 
enough to prove, by contradiction, that Fi{dHi) C dHi. If x G dHi and Fi{x) ^ dHi and 
so -Fi(a;) ^ Hi, then (i) there is y & Hi such that -Fi(i/) = x and (ii) open intervals V and 
W with the following properties: (i) V contains x, (ii) W C Hi contains y, (iii) Fi|iy is a 
diffeomorphism, (iv) Fl^{W) = V. Since h\W is a C" diffeomorphism, by Lemma [5.H we 
get that h\V is also a C" diffeomorphism that is a contradiction. Therefore, i^(c') = Hi 
is a renormalization interval containing c' and -P(c') = 0~^{Chi) is the punctured set of 
K{c') such that h\K{c') \ P{d) is Furthermore, int{Vi n B(ir(cO)) ^0. □ 

Proof of TheoremUl By Lemma [4. 2[ there is an open interval Vi such that h\Vi is C^. li h 
is not a C diffeomorphism in /\P, then, by Lemma I^TT] there is a maximal renormalization 
interval K{c') and a punctured set -P(c') C -R'(c') such that /i is a C" diffeomorphism in 
K{c')\P{c'). By Lemma Em /i is a C" diffeomorphism in the punctured basin of attraction 
Sp(J(c')). 

Let Cj be the union of all critical points c G C/ such that K{c) 7^ is a maximal 
renormalization interval and P{c) C K{c) is a punctured subset such that h is a. 
diffeomorphism in K{c)\P{c). Let J = Uc(^c^K{c) be the maximal renormalization domain 
and P = Ucec^Hic) the punctured set of J. By Lemma h is a. diffeomorphism in 
the punctured basin of attraction Bp{J) = Ucec^^Bp{J{c')). 

Let us prove, by contradiction, h is not a C^' diffeomorphism at any open interval V C 
/ \ B{J). If h is a diffeomorphism at V then, by Lemma [6.11 there is c G such that 
int{V n B{K{c))) 7^ which is a contradiction. 

Let us prove, by contradiction, that h is not at any point in E{f) fl dB{J). By 
Lemma \A.2\ if h is at some point x G E{f) n dB{J) then there is an open interval W 
containing x such that h\W is which is a contradiction. □ 

Appendix A. Properties of multimodal maps 

A periodic point p with period ri G N is called a periodic attractor if there is an open set 
V with p G dV such that limj^+oo /-'"(^) = p. A periodic point p with period n G N is 
called neutral if \Df'^{p)\ = 1. A periodic point p with period n G N is weak repelling if p 
is neutral and there is an open set V with p & V such that /"|V^ is a diffeomorphism and 
limj^+oo(/"|V^)~"(x) = p for all x & V . A periodic point p with period n G N is a repellor 
if |D/"(p)| > 1. Let us denote by PR(/) the set of all repellor periodic points of /. 
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Theorem A.l (Mane). Let f : I ^ I be a map without weak repelling periodic points 
and such that # Fix(/") < oo for all n E N. For every 7 > 0, there are C > and A > 1 
with the following properties: 

(1) if J G I is an interval whose u}{J) does not intersect any periodic attractor, and 

(2) ifneNis such that, for every 0<j<n, f^{J) n B^{C f) = 0, 

then 

\Tdfn{x,y,z) < C\f^{z) - r(x)| and |r(J)| > CA^Jj, 
for every x,y, z & J with x < y < z. 

Proof. It follows from Mane's Theorem [13] and the fact that the logarithm of a map 
is locally Lipschitz outside the critical set. □ 

Lemma A. 2 (Forward capture of a critical point). Let f: I — )■ / he a C"^ map and 

#Fix(/'^) < 00 for every n G N. For each interval J G I, whose u}{J) does not intersect a 
periodic attractor, there zs n G N such that the interior of f^{J) contains a critical point. 

Proof. Let us suppose, by contradiction, that /"| int(J) is a diffeomorphism onto its image 
for every n G N. Since cu(J) does not intersect a periodic attractor and a map does not 
admit a wandering interval (see [U HSj); there is /c > / > such that /^'(J) fl /'(J) 7^ 0. 
The closure D of the set IJr!.>o ^ forward invariant interval for 
Thus, g = /^^'^"^■'Id is monotone map of D into itself. Thus, ujg{x) C Fix(g) for every 
X G -D. Since i^Fix{g) < 00, we get that there is an attracting fixed point p G -D for g. 
Hence, Of~^{p) is an attracting periodic orbit for / intersecting ujf{J), contradicting our 
hypothesis. □ 

Lemma A. 3 (Domain shrinking for iterated local diffeomorphisms) . Let f : I ^ I be a 
map and #Fix(/") < 00 for every n G N. // Ji, J2, ... E I is a sequence of open intervals 
such that 

(1) IJn>i'^('^»i) ^^^-^ '^^^ intersect a periodic attractor and 

(2) f''^"\Jn are diffeomorphisms, with ntn tending to 00, 

then I J„,| — 7- when n tends to infinity. 

Proof. Let us suppose, by contradiction, that there is 5 > such that | J„,| > 5, for every 
n> 1. Since / is compact, there is an interval L and an infinite subsequence J^^, J^a, • • • 
of intervals such that L C Jm„ for every n>l. Hence, f^\L is a diffeomorphism, for every 
£ > 1, which, by Lemma [A. 2 1 is a contradiction. □ 

Following M. Martens [H], a union J = \JiJi of pairwise disjoint open intervals Ji, J2, . . . 
is a nice set, if the forward orbit of the boundaries lJi=i J ^'^ ^ot intersect J. 

Lemma A. 4 (Nice infinitesimal neighborhoods of critical points). Let f : I ^ I be a 

multimodal map without periodic attractors. For every small e > 0, there is a nice set 
J = UceCf (^'c, Qc) A/" such that c G (pc, Qc) C B^{c) for allceCj. 
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We note that, if { J^} is the set of connected components of a nice set J then 

J'= [j Jk 

is also a nice set. Let M be the collection of all nice set J = [Ji^{pki Qk) such that Cf G J 
and {pk, qk) H C/ 7^ for all k. We note that, iiU,V then UnV eU. 

Proof. First, let us show that there is a nice set J such that Cf d J. Consider the compact 
positive invariant set 

A = {xG/; r{x)iB,{Cs) , Vj >0}. 

For every c G C/, there is a connected component Jc,a 3 -^^(c) of /\ A. Let J = UceC/ "^c.a- 
Since 9 J = Jcgc^ ^^c,a C A, we get p{dJ) C A for every j > 0. Hence, P(<9J) n J = 
for every j > 0, i.e. J is a nice set and contains Cf. Thus, A/" is not an empty collection. 

If c G Cf, either V D Be{c), for all V e Af, ot there exists V{c) = UceCy ^c{c) G A/" such 
that Vc(c) C i?e(c) and c G ^^(c) for all c G C/. 

Let Cf be the set of c G C/ such that ^ D Be{c) for all V G A/". For every c G Cp let 
H{c) = int fljeA^ "^c, where Jc is the connected component of J containing c. Hence, H(c) 
is a nice interval and 

H{c) C for all W eAf. (A.l) 
Claim 3. If cq G C/ zs non-wandering then cq ^ for all e > 0. 

Proof of the claim. Let e > and cq G C/- be a non-wandering point. Hence, take the 
smallest n > 1 suc h that f"{H{co)) n H{co) ^ 0. Either (i) f"{H{co)) ^ i/(co) or (ii) 
r(i/(co)) C i/(co). 

Case (i). Take q G H{cq) such that /""(g) G f"'{H{co)) H H{cq) and there is a small 
interval containing q such that /"|V"q is a diffeomorphism. For every c G Cj, let ?7c be the 
connected component of int(/) \ {5', ■ ■ ■ , f^~^{q)} containing c. We get that U = UcgC/ 
belongs to A/" and H{co) (f. Uc^, because q G H{cq) but g ^ f/co; contradicting (lA.ip . 

Case (ii). Since f"'{H{co)) C H{cq), g = f"'\jj^is a multimodal map and /'"(9i/(co)) C 
dH{co). Since there is no periodic attractor for g, there is a periodic point g G H{cq) for the 
map For every c G C/, let Uc be the connected component of int(/) \ {g, ■ ■ ■ , /'""^(g)} 
containing c, where m is the period of g with respect to /. We get that U = UceC/ 
belongs to M and H{cq) (f. Ucq, because g G H{cq) but g ^ f/co; contradicting flA.ip . □ 

Now, we consider the case of the wandering critical points. Let e > and Cq be a 
wandering critical point. From Lemma IA.21 there is n > 1 and a non- wandering c G C/ 
such that c G /"(if(co)). By the claim above, c ^ Cj. Thus, there is = UcgC/ K ^ A^ 
such that 9Vcn/'^(iJ(co)) 7^ 0. Let g G H{cq) be such that /'^(g) G SV^c and there is a small 
interval Vg containing g such that /"|Vg is a diffeomorphism. For every c G consider f/^ 
the connected component of Vc \ {g, ■ ■ ■ , /*(g)} containing c. Thus U = UceC/ Uc E M and 
-^(co) ^ ?7co, contradicting ( lA.lj) . □ 
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Lemma A. 5 (Fatness of repellors). Let f be C^' a multimodal map with r > 3 and no 
periodic attractors and no neutral points. 

(1) /// is infinitely renormalizable around a critical point c, then there is a renormal- 
ization interval J{c) such that 0~^(PR(/)) is dense in B{J{c)). 

(2) /// is no renormalizable inside a renormalizable interval J, then a„c(PR'(/)) con- 
tains B{J). 

Proof. Let us prove (1). Since / is infinitely renormalizable around c, there is an infinite 
sequence of intervals Ji, J2, . . . such that is strictly contained in J„ and there is a 
sequence mi,m2, . . . such that /™"| Jn is a multimodal map and c G /™"(J„). By taking 
Ji sufficiently small, we assume that for every critical point c' G Ji with c' 7^ c, there is a 
sequence h, h, ■ ■ ■ such that mnln < f^n+i and c' G (Jn+i). Let p„ be a periodic point 
contained in the boundary (9J„ of J^. Hence Pn is a repellor and the set S = L}n>ianc{Pn) 
contains c G dS. Let us prove that S is dense in the smallest interval set that contains 5*. 
By contradiction, suppose that S is not a dense set. Hence, there is an open interval K 
such that K C Ji\S and dK C S. By forward invariance of S under f"^^, f"^^^{K) C Ji\S 
and df"^^^{K) C S for every k. By Lemma [A.2[ there is ki such that f"^^^^{K) contains 
some critical point c' G Ji. Hence, there is n large enough and /„ such that /™"'"(Jn+i) C 
jmifci^^^_ Hence, there is A;2 such that /""+i(J„+i) C f^^^^^K). Since c G /""+i(J„+i), 
we get c G f^^^'^{K). Noting that p„ converges to c, we obtain that f'^'^'^'^i^K) contain 
some Pni for n large, which contradicts that f^^^'^{^K) G Ji \ S. Hence, S is dense in the 
smallest interval set that contains 5*. Since c G dS is a turning point, S is dense in a 
small neighborhood of c. Hence, there is a renormalization interval J(c), small enough, 
containing c that is contained in the closure of 5*. 

Let us prove (2). Since J is a renormalization interval, there is m such that f"^\J is a 
multimodal map. Let p G J be a periodic repellor with period k of the map f"^\J. Since 
ancip) is a closed set, it is enough to prove that a„c(p) is dense in J. By contradiction, 
suppose that andp) is not a dense set. Hence, there is an open interval K such that 
K G J \ ancip) 9^ ^ «nc(p)- By forward invariance of anc{p) under /"^, f"^^{K) G 
■h \ Oincip) and df^^i^K) G andj)) for every k. By Lemma IA.2t there is a sequence 
A;i, /c2, • • • such that = f^^^i^K) contains some critical point c„ G J. Since, the set of 
critical points in J is finite, there is a critical point c & J and ki^ < ki^ such that Ki^ and 
i^ij contain the critical point c E J. Hence, Ki-^ fl Ki.^ ^ 0. Since 

dKi^ G ancip) ) 9Ki^ G ancip) > -^^i ^ "nc(p) = and Ki^ n a„c(p) = 0, 

we obtain that Ki-^ = Ki^. In particular, f"^(^i-~''h^\Ki-^ is a multimodal and i^^j is strictly 
contained in J which contradicts that / is no renormalizable inside of the renormalizable 
interval J. Hence, a„c(p) contains the closure of J. Hence, by definition of alpha limit, 
«nc(p) contains i3(J). □ 
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